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ON THE q-ANALOGUE OF LAPLACE TRANSFORM
WON SANG CHUNG1 AND TAEKYUN KIM2
Abstract. In this paper, we consider a q-analogue of Laplace transform and
we investigate some properties of q-Laplace transform. From our investigation,
we derive some interesting formulae related to q-Laplace transform.
1. Introduction
For q ∈ [0, 1], we define the q-Shifted factorials by (a : q)0 = 1, (a : q)n =∏n−1
i=0 (1 − aqi), and (a : q)∞ = limn→∞(a : q)n =
∏
∞
i=0(1 − aqi). If x is classical
object, such as a complex number, its q-version is defined by [x]q =
1−qx
1−q . As is
well-known, the q-exponential functions are given by
Eq(−z) = ((1− q)z : q))∞ =
∞∑
n=0
(−1)nq(n2)
[n]q!
zn, (1.1)
and
eq(z) =
1
((1− q)z : q)
∞
=
∞∑
n=0
1
[n]q!
zn, (see [1-8]), (1.2)
where [n]q! = [n]q[n− 1]q · · · [2]q[1]q.
For t, x, y ∈ R and n ∈ Z ≥ 0, the q-binomial theorem is also given by
(x+ y)nq =
n−1∏
j=0
(
x+ qjy
)
=
n∑
k=0
(
n
k
)
q
xn−kq(
2
k)yk, (1.3)
(1 + x)tq =
(x : q)∞
(qtx : q)∞
, and
1
(x − y)nq
=
∞∑
k=0
(
n+ k − 1
k
)
q
xn−kyk, (1.4)
where (
n
k
)
q
=
[n]q!
[n− k]q![k]q! =
[n]q[n− 1]q · · · [n− k + 1]q
[k]q!
, (see [2,6]).
From (1.4), we note that
(1 + x)s+tq = (1 + x)
s
q(1 + q
sx)tq . (1.5)
For s ∈ C with s > 0, the gamma function is defined by
Γ(s) =
∫
∞
0
e−tts−1dt. (1.6)
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By (1.6), we get
Γ(s+ 1) = sΓ(s), Γ(n+ 1) = n!, (n ∈ N).
The Jackson q-derivative is defined by
Dqf(x) =
∂qf(x)
∂qx
=
f(x)− f(qx)
(1− q)x , (see [1-8]). (1.7)
Note that limq→1 Dqf(x) = f
′
(x). The definite Jackson q-integral is given by∫ x
0
f(t)dqt = (1− q)
∞∑
a=0
f (qax) xqa, (see [3-4]). (1.8)
Thus, by (1.7) and (1.8), we get∫ x
0
∂q
∂qt
f(t)dqt = f(x)− f(0). (1.9)
The improper q-integral of f is given by∫ ∞
a
0
f(x)dqx = (1− q)
∑
n∈Z
qn
a
f
(
qn
a
)
. (1.10)
Thus, by (1.10), we get∫
∞
x
f(y)dqy =
∫ x·∞
0
f(y)d1y −
∫ x
0
f(y)dqy
= x(1− q)
∞∑
n=0
q−nf
(
q−nx
)
.
(1.11)
Let f be a function defined for t ≥ 0. Then the integral
L(f(t)) =
∫
∞
0
e−stf(t)dt, (see [9])
is said to be the Laplace transform of f , provided the integral converges.
In this paper, we consider a q-analogue of Laplace transform, which is called by
q-Laplace transform, and we investigate some properties of q-Laplace transform.
From our investigation, we derive some interesting formulae related to q-Laplace
transform.
2. q-Laplace transforms
Now we consider two types of the q-Laplace transform. The q-Laplace transform
of the first kind is defined by
F (s) = Lq(f(t)) =
∫
∞
0
Eq(−qst)f(t)dq(t), (s > 0). (2.1)
Then, by (2.1), we get
Lq(αf(t) + βg(t)) = αLq(f(t)) + βqLg(t)), (2.2)
where α, β are constants.
The q-extension of gamma function is defined by
Γq(t) =
∫
∞
0
xt−1Eq(−qx)dqx, (t > 0), (see [2,6]). (2.3)
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Thus, by (2.3), we get
Γq(t+ 1) = [t]qΓq(t), Γq(n+ 1) = [n]q!, (see [2,6]). (2.4)
From (1.2), we can derive
eq(iz) =
∞∑
n=0
inzn
[n]q!
=
∞∑
n=0
(−1)n
[2n]q!
z2n + i
∞∑
n=0
(−1)nz2n+1
[2n+ 1]q!
. (2.5)
By (2.5), we define q-cosine and q-sine function as follows:
cosq(z) =
∞∑
n=0
(−1)nz2n
[2n]q!
=
1
2
(eq(iz) + eq(−iz)) , (2.6)
and
sinq(z) =
∞∑
n=0
(−1)n
[2n+ 1]q!
=
1
2i
(eq(iz)− eq(−iz)) , (2.7)
where i =
√−1. From (2.1) and (2.4), we note that
Lq(1) =
1
s
(s > 0), Lq(t) =
1
s2
(s > 0), Lq (eq(−3t)) = 1
s+ 3
(s > −3),
Lq (sinq 2t) =
2
s2 + 4
, Lq(1 + 5t) =
1
s
+
5
s2
(s > 0), · · · .
We state the generalization of some of the preceding examples by mean of the next
theorem. From this point on we shall also refrain from stating any restrictions on
s; it is understood that s is sufficiently restricted to guarantee the convergence of
the appropriate q-Laplace transform.
For α ∈ R with α > −1, we have
Lq (t
α) =
∫
∞
0
Eq(−qst)tαdqt = 1
sα+1
∫
∞
0
Eq(−qt)tαdqt
=
1
sα+1
Γq(α+ 1).
(2.8)
In particular, α = n ∈ N, by (2.8), we get
Lq (t
n) =
1
sn+1
Γq(n+ 1) =
[n]q!
sn+1
. (2.9)
Let us take α = − 12 and α = 12 . Then we see that
Lq
(
t−
1
2
)
=
1
s
1
2
Γq
(
1
2
)
=
1√
s
Γq
(
1
2
)
, (2.10)
and
Lq
(
t
1
2
)
=
1
s
3
2
Γq
(
3
2
)
=
Γq
(
1
2
)
[2]
q
1
2
√
s3
. (2.11)
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By (1.1) and (1.2), we get
Ls (eq(at)) =
∫
∞
0
Eq(−qst)eq(at)dqt
=
∞∑
n=0
an
[n]q!
∫
∞
0
Eq(−qst)tndqt
=
∞∑
n=0
an
[n]q!
Γq(n+ 1)
sn+1
=
1
s
∞∑
n=0
(a
s
)n
=
1
s
(
1
1− a
s
)
=
1
s− a ,
(2.12)
and
Lq (Eq(at)) =
∫
∞
0
Eq(−qst)Eq(at)dqt
=
∞∑
n=0
(−1)nq(n2)an
[n]q!
∫
∞
0
Eq(−qst)tndqt
=
∞∑
n=0
(−1)n
[n]q!
q(
n
2)an
Γq(n+ 1)
sn+1
=
∞∑
n=0
(−1)nq(n2) a
n
sn+1
.
(2.13)
Therefore, by (2.8)-(2.13), we obtain the following theorem.
Theorem 2.1. For α ∈ R with α > −1, we have
Lq (t
α) =
1
sn+1
Γq(α+ 1).
In particular, α = n ∈ N, we get
Lq (t
n) =
[n]q!
sn+1
.
Moreover,
Lq
(
t−
1
2
)
=
1√
s
Γq
(
1
2
)
, Lq
(
t
1
2
)
=
Γq
(
1
2
)
[2]
q
1
2
√
s3
,
and
Ls (eq(at)) =
1
s− a , Lq(Eq(at)) =
∞∑
n=0
(−1)nq(n2) a
n
sn+1
.
From (2.6) and (2.7), we have
Lq(cosq at) =
∞∑
n=0
(−1)na2n
[2]q!
∫
∞
0
Eq(−qst)t2ndqt
=
∞∑
n=0
(−1)na2n
[2n]q!
1
s2n+1
Γq(2n+ 1)
=
1
s
∞∑
n=0
(−1)n
(a
s
)2n
=
1
s
1
1 +
(
a
s
)2 = ss2 + a2 ,
(2.14)
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and
Lq(sinq at) =
∞∑
n=0
(−1)na2n+1
[2n+ 1]q!
∫
∞
0
Eq(−qst)t2n+1dqt
=
∞∑
n=0
(−1)na2n+1
[2n+ 1]q!
Γq(2n+ 2)
s2n+2
=
1
s
∞∑
n=0
(−1)n
(a
s
)2n+1
=
1
s
a
s
1 +
(
a
s
)2 = as2 + a2 .
(2.15)
Let us define hyperbolic q-cosine and hyperbolic q-sine functions as follows:
coshqt =
eq(t) + eq(−t)
e
, sinhqt =
eq(t)− eq(−t)
2
. (2.16)
From (2.1), (2.12) and (2.16), we note that
Lq (coshqat) =
1
2
{Lq (eq(at)) + Lq (eq(−at))}
=
1
2
{
1
s− a +
1
s+ a
}
=
s
s2 − a2 ,
(2.17)
and
Lq (sinhqat) =
1
2
{Lq (eq(at))− Lq (eq(−at))}
=
1
2
{
1
s− a −
1
s+ a
}
=
a
s2 − a2 .
(2.18)
Therefore, by (2.14)-(2.18), we obtain the following theorem.
Theorem 2.2. (Transforms of q-trigonometric function)
Lq (cosq at) =
s
s2 + a2
, Lq (sinq at) =
a
s2 + a2
Lq (coshqat) =
s
s2 − a2 , Lq (sinhqat) =
a
s2 − a2 .
Now, we observe that
Eq(−qst) =
∞∑
n=0
(−1)nq(n2)
[n]q!
qnsntn =
∞∑
n=0
(−1)nq(n2)
[n]q!
([n]q(q − 1) + 1) sntn
=(q − 1)
∞∑
n=1
(−1)nq(n2)
[n− 1]q! s
ntn +
∞∑
n=0
(−1)nq(n2)
[n]q!
sntn
=− (q − 1)st
∞∑
n=0
(−1)nq(n2)
[n]q!
qnsntn +
∞∑
n=0
(−1)nq(n2)
[n]q!
sntn
=− (q − 1)stEq(−qst) + Eq(−st).
(2.19)
Thus, by (2.19), we get
Eq(−qst) = 1
1 + (q − 1)stEq(−st) =
1
(1 + (q − 1)st)(1 + (q − 1)q−1st)Eq
(−q−1st)
= · · · = 1
(1 + (q − 1)st)(1 + (q − 1)q−1st) · · · (1 + (q − 1)q−kst)Eq
(−q−kst) .
(2.20)
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Now, we dicuss the q-differential equation. The main purpose of q-Laplace trans-
form is in converting q-differential equation into simpler form which may be solved
more easily. Like the ordinary Laplace transform, we can compute the q-Laplace
transform of derivative by using the definition of q-Laplace transform.
Now, we oberve that
Dq (f(t)g(t)) =
∂
∂qt
(f(t)g(t)) =
∂f(t)
∂qt
g(t) + f(qt)
∂g(t)
∂qt
=(Dqf(t)) g(t) + f(qt) (Dqg(t)) .
(2.21)
Thus, by (2.21), we get∫
∞
0
(Dqf(t)) g(t)dqt =
∫
∞
0
Dq(f(t)g(t))dqt−
∫
∞
0
f(qt) (Dqg(t)) dqt. (2.22)
It is easy to show that
DqEq(−qst) = ∂
∂qt
∞∑
n=1
q(
n
2)(−1)n
[n]q!
qnsntn =
∞∑
n=1
q(
n
2)(−1)n
[n− 1]q! q
nsntn−1
=− s
∞∑
n=0
q(
n
2)(−1)n
[n]q!
qn+1sntn.
(2.23)
From (2.20), (2.22) and (2.23), we have
Lq (Dqf(t)) =
∫
∞
0
(Dqf(t))Eq(−qst)dqt = −f(0)−
∫
∞
0
f(qt)
∂
∂qt
Eq(−qst)dqt
=− f(0) + s
∞∑
n=0
q(
n+1
2 )
[n]q!
(−1)n
∫
∞
0
f(qt)qn+1sntndqt
=− f(0) + s
∫
∞
0
f(t)
∞∑
n=0
(−1)nq(n2)
[n]q!
(qst)ndqt
=− f(0) + s
∫
∞
0
f(t)Eq(−qst)dqt = −f(0) + sLq(f(t)).
(2.24)
If we replace f(t) by Dqf(t), we see that
Lq
(
D2qf(t)
)
=− (Dqf) (0) + s
∫
∞
0
(Dqf(t))Eq(−q(t))dqt
=− (Dqf) (0) + sLq (Dqf(t))
=− (Dqf) (0) + s(−f(0)) + sLq(f(t))
=− (Dqf) (0)− sf(0) + s2Lq(f(t)).
(2.25)
Continuing this process, we get
Lq
(
f (n)(t)
)
= snLq (f(t))−
n−1∑
i=0
sn−1−if (i)(0), (2.26)
where f (n)(t) =
(
∂q
∂qt
)n
f(t) = Dnq f(t), f
(n)(0) = f (n)(t)
∣∣
t=0
.
A function f is said to be of exponential order c if there exists c, M > 0 and
T > 0 such that
|f(t)| ≤Mect for all t > T.
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If f(t) is piecewise continuous on the interval (0,∞) and of exponential order c, then
Lq(f(t)) exists for s > c. Therefore, by (2.26), we obtain the following theorem.
Theorem 2.3. If f, f
′
, · · · , f (n−1) are continuous on (0,∞) and are of exponential
order and if f (n)(t) is piecewise continunus on (0,∞), then we have
Lq
(
f (n)(t)
)
= snLq (f(t))−
n−1∑
i=0
sn−1−if (i)(0),
where f (n)(t) =
(
∂q
∂qt
)n
f(t).
Let us consider the following q-derivative in s:
∂F (q−1s)
∂qs
=
∫
∞
0
(
∂q
∂qs
Eq(−st)
)
f(t)dqt
=−
∫
∞
0
tEq(−qst)f(t)dqt
=− Lq (tf(t)) ,
(2.27)
and
q
(
∂q
∂qs
)2
F (q−2s) =q
(
∂q
∂qs
)2 ∫ ∞
0
Eq
(−q−1st) f(t)dqt
=q
∫
∞
0
((
∂q
∂qs
)2
Eq
(−q−1st)
)
f(t)dqt
=q
∞∑
n=0
(−1)n+2
[n]q!
q(
n
2)qn−1sn
∫
∞
0
tn+2f(t)dqt
=
∫
∞
0
(−1)2
(
∞∑
n=0
(−1)nq(n2)
[n]q!
qnsntn
)
t2f(t)dqt
=(−1)2
∫
∞
0
Eq(−qst)t2f(t)dqt = (−1)2Lq
(
t2f(t)
)
.
(2.28)
Continuing this process, we get
Lq (t
nf(t)) = (−1)nq(n2)
(
∂q
∂qs
)n
F
(
q−ns
)
. (2.29)
Therefore, by (2.29), we obtain the following theorem.
Theorem 2.4 (q-Derivative of Transforms). For n ∈ N, we have
Lq (t
nf(t)) = (−1)nq(n2)
(
∂q
∂qs
)n
F
(
q−ns
)
.
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From Theorem 2.4, we note that
Lq (t
neq(at)) =(−1)nq(
n
2)
(
∂q
∂qs
)n ∫ ∞
0
Eq(−q−n+1st)eq(at)dqt
=(−1)nq(n2)
(
∂q
∂qs
)n(
1
q−ns− a
)
=
(−1)nq(n2)[n]q!(−1)nq−n2
(s− a)(q−1s− a) · · · (q−ns− a)
=
q−(
n+1
2 )[n]q!
(s− a)(q−1s− a) · · · (q−ns− a) ,
(2.30)
and
Lq (eq(at)f(t)) =
∞∑
n=0
an
[n]q!
Lq (t
nf(t))
=
∞∑
n=0
an
[n]q!
(−1)nq(n2)
(
∂q
∂qs
)n
F (q−ns)
=
∞∑
n=0
(−a)n
[n]q!
q(
n
2)
(
∂q
∂qs
)n
F (q−ns).
(2.31)
Therefore, by (2.30) and (2.31), we obtain the following corollary.
Corollary 2.5. For n ∈ N, we have
Lq (eq(at)f(t)) =
∞∑
n=0
(−a)n
[n]q!
q(
n
2)
(
∂q
∂qs
)n
F (q−ns).
In particular, for f(t) = tn (n ∈ N), we have
Lq (t
neq(at)) =
q−(
n+1
2 )[n]q!
(s− a)(q−1s− a) · · · (q−ns− a) .
For t, s > 0, the q-beta function is defined by
Bq(t, s) =
∫ 1
0
xt−1(1 − qx)s−1q dqx, (see [2,6]). (2.32)
From (2.32), we note that
Bq(t, s) =
Γq(t)Γq(s)
Γq(t+ s)
, (see [2,6]). (2.33)
It is easy to show that
Tαq (f) =
∫ t
0
(t− qs)α−1q f(s)dqs = t
∫ 1
0
(t− qrt)α−1q f(rt)dqr, (α > 0). (2.34)
In particular, if we take f(t) = tβ (β > 0), then∫ t
0
(t− qs)α−1q tβdqs =tα+β
∫ 1
0
(1− qr)α−1q rβdqr
=Bq(α, β + 1)t
α+β .
(2.35)
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If functions f and g are piecewise continuous on (0,∞), then a special product,
denote by f∗g is defined by the integral
(f∗g)(t) =
∫ t
0
f(τ)g(t− τ)dτ, (2.36)
and is called convolution of f and g.
Now, we consider the q-analogue of convolution of f and g.
Let f1(t) = t
α, g(t) = tβ−1 (α, β > 0). Then we define the q-convolution of f
and g as follows:
(f1∗g)(t) =
∫ t
0
f1(τ)g(t− qτ)dqτ, (2.37)
where g(t− qτ) = (t− qτ)β−1q . From (2.37), we have
(f1∗g)(t) =
∫ t
0
τα(t− τq)β−1q dqτ = t
∫ 1
0
(rt)α(t− qrt)β−1q dqr
=tα+β
∫ 1
0
rα(1 − qr)β−1dqr = tα+βBq(α + 1, β)
=
Γq(α+ 1)Γq(β)
Γq(α+ β + 1)
tα+β .
(2.38)
Thus, by (2.38), we get
Lq(f1∗g) =Bq(α+ 1, β)
∫
∞
0
Eq(−qst)tα+βdqt
=Bq(α+ 1, β)
1
sα+β+1
Γq(α+ β + 1)
=
(
Γq(α+ 1)
sα+1
)(
Γq(β)
sβ
)
.
(2.39)
By (2.8), we see that
Lq(f1) =
Γq(α+ 1)
sα+1
, Lq(g) =
1
sβ
Γq(β). (2.40)
Hence, by (2.39) and (2.40), we get
Lq(f1∗g) = Lq(f1)Lq(g). (2.41)
Assume that f(t) is of the type such that equation (2.41). Then we have
f∗g =
∫ t
0
(t− τq)β−1q f(τ)dqτ = t
∫ 1
0
(t− qrt)β−1q f(rt)dqr
=T βq (f(t)),
(2.42)
where g(t) = tβ−1, and
Lq
(
T βq f(t)
)
=Lq(f∗g) = Lq(f)Lq(g)
=
Γq(β)
sβ
Lq(f).
(2.43)
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If f(t) =
∑
i ait
αi , then we have
Lq(f∗g) =
∑
i
aiLq (t
αi∗g)
=
∑
i
aiLq (t
αi)Lq(g)
=Lq
(∑
i
ait
αi
)
Lq(g)
=Lq(f)Lq(g).
(2.44)
Therefore, by (2.44), we obtain the following theorem.
Theorem 2.6. For f(t) =
∑
i ait
αi and g(t) = tβ−1, we have
Lq(f∗g) = Lq(f)Lq(g).
For β = 1, let Tqf(t) = T
1
q f(t). Then we see that
Lq (Tq sinq t) =Lq(sinq t∗1) = Lq(sinq t)Lq(1)
=
(
1
s2 + 1
)(
1
s
)
=
1
s(s2 + 1)
,
(2.45)
and
Lq (Tq sinq t) = Lq
(∫ t
0
sinq τdqτ
)
. (2.46)
By (2.45) and (2.46), we get
Lq
(∫ t
0
sinq τdqτ
)
=
1
s(s2 + 1)
. (2.47)
Note that
Lq
(∫ t
0
(1− cosq τ) dqτ
)
= Lq (Tq (1− cosq t))
=Lq ((1− cosq t) ∗1) = Lq (1− cosq t)Lq(1)
=
(
1
s
− s
s2 + 1
)
1
s
=
1
s2(s2 + 1)
,
(2.48)
and
Lq
(∫ t
0
(τ − sinq t) dqτ
)
=Lq (Tq (t− sinq t)) = Lq ((t− sinq t) ∗1) = Lq (t− sinq t)Lq(1)
=
(
1
s2
− 1
s2 + 1
)
1
s
=
1
s2(s2 + 1)
1
s
=
1
s3(s2 + 1)
.
(2.49)
Therefore, by (2.48) and (2.49), we obtain the following corollary.
Corollary 2.7. For t ≥ 0, we have
Lq
(∫ t
0
(1− cosq τ) dqτ
)
=
1
s2(s2 + 1)
,
and
Lq
(∫ t
0
(τ − sinq τ) dqτ
)
=
1
s3(s2 + 1)
,
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Let u(t− a) be Heaviside function which defined by
u(t− a) =
{
1 if t ≥ a,
0 if 0 ≤ t < a. (2.50)
Then, we have
Lq(u(t− a)) =
∫
∞
0
Eq(−qst)u(t− a)dqt =
∫
∞
a
Eq(−qst)dqt
=
∫
∞
0
Eq(−qst)dqt−
∫ a
0
Eq(−qst)dqt
=
1
s
−
∫ a
0
Eq(−qst)dqt = 1
s
−
∞∑
n=0
(−1)nq(n2)
[n]q!
(qs)n
∫ a
0
tndqt
=
1
s
+
1
s
∞∑
n=1
(−1)n
[n]q!
q(
n
2)snan =
1
s
∞∑
n=0
(−1)nq(n2)
[n]q!
(as)n
=
1
s
Eq(−qas).
(2.51)
Therefore, by (2.51), we obtain the following theorem.
Theorem 2.8. Let u(t− a) be Heaviside function. Then we have
Lq (u(t− a)) = 1
s
Eq(−qas).
3. q-Laplace transform of the second kind
In this section, we consider the q-Laplace transform with eq(−st) and is called
q-Laplace transform of the second kind. The q-Laplace transform of the second kind
is defined by
F˜ (s) = L˜q (f(t)) =
∫
∞
0
eq(−st)f(t)dqt, (s > 0). (3.1)
As is well known, the q-gamma function of the second kind is defined by
γq(t) =
∫
∞
0
xt−1eq(−x)dqx, (t > 0), (see [2,6]). (3.2)
Thus, by (3.2), we get
γq(1) = 1, γq(t+ 1) = q
−t[t]qγq(t), γq(n) = q
−(n2)Γq(n), (n ∈ N). (3.3)
For α ∈ R with α > −1, we have
L˜q (t
α) =
∫
∞
0
eq(−st)tαdqt = 1
sα+1
∫
∞
0
eq(−t)tαdqt
=
1
sα+1
γq(α+ 1).
(3.4)
In particular, for α = n ∈ N, by (3.3) and (3.4), we get
L˜q (t
n) =
1
sn+1
γq(n+ 1) =
1
sn+1
q−(
n+1
2 )Γq(n+ 1)
=
1
sn+1
q−
(n+1)n
2 [n]q!.
(3.5)
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Let us take α = − 12 . Then we have
L˜q
(
t−
1
2
)
=
1√
s
γq
(
1
2
)
, L˜q
(
t
1
2
)
=
1√
s3q[2]
q
1
2
γq
(
1
2
)
. (3.6)
In a similar way, we can give the q-Laplace transform of the second kind for eq(at)
and Eq(at).
L˜q (eq(at)) =
∞∑
n=0
an
[n]q!
∫
∞
0
eq(−st)tndqt =
∞∑
n=0
an
[n]q!
L˜q(t
n)
=
∞∑
n=0
an
[n]q!
q−(
n+1
2 )
sn+1
Γq(n+ 1) =
∞∑
n=0
an
sn+1
q−(
n+1
2 ),
(3.7)
and
L˜q (Eq(at)) =
∞∑
n=0
q(
n
2)an
[n]q!
∫
∞
0
tneq(−st)dqt =
∞∑
n=0
q(
n
2)an
[n]q!
L˜q(t
n)
=
∞∑
n=0
q(
n
2)an
[n]q!
q−(
n+1
2 )
sn+1
Γq(n+ 1) =
1
s
∞∑
n=0
(
a
qs
)n
=
1
s
(
qs
qs− a
)
=
q
qs− a .
(3.8)
Therefore, by (3.4)-(3.8), we obtain the following theorem.
Theorem 3.1. For α ∈ R with α > −1, we have
L˜q (t
α) =
1
sα+1
γq(α+ 1), (s > 0).
In particular, if α = n ∈ N, then we see that
L˜q (t
n) =
1
sn+1
q−(
n+1
2 )[n]q!.
Moreover,
L˜q (eq(at)) =
∞∑
n=0
an
sn+1
q−(
n+1
2 ), L˜q (Eq(at)) =
q
qs− a ,
and
L˜q
(
t−
1
2
)
=
1√
s
γq
(
1
2
)
, L˜q
(
t
1
2
)
=
1√
s3q[2]
q
1
2
γq
(
1
2
)
.
From (1.1), we note that
Eq(it) =
∞∑
n=0
q(
n
2)
[n]q!
intn. (3.9)
Thus, by (3.9), we get
Eq(it) =
∞∑
n=0
(−1)nq(2n2 )
[2n]q!
t2n + i
∞∑
n=0
(−1)nq(2n+12 )
[2n+ 1]q!
t2n+1. (3.10)
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By (3.10), we can define new q-Sine and q-Cosine function as follows:
Cosq(at) =
∞∑
n=0
q(
2n
2 )(−1)na2n
[2n]q!
t2n =
1
2
[Eq(iat) + Eq(−iat)] , (3.11)
and
Sinq(at) =
∞∑
n=0
q(
2n+1
2 )(−1)na2n+1
[2n+ 1]q!
t2n+1 =
1
2
[Eq(iat)− Eq(−iat)] . (3.12)
Now, we give the q-Laplace transform of the second kind for q-Sine and q-Cosine
functions:
From (2.16) and (3.7), we note that
L˜q (cosq at) =
1
2
[
L˜q (eq(iat)) + L˜q(−iat)
]
=
1
2
[
∞∑
I=0
q−(
n+1
2 )
sn+1
(ia)n +
∞∑
n=0
q−(
n+1
2 )
sn+1
(−ia)n
]
=
1
2
× 2
∞∑
n=0
q−n(2n+1)
s2n+1
(a
s
)2n
=
1
s
∞∑
n=0
(−1)nq−n(2n+1)
(a
s
)2n
,
(3.13)
and
L˜q (sinq at) =
∞∑
n=0
(−1)na2n+1
[2n+ 1]q!
∫
∞
0
eq(−st)t2n+1dqt =
∞∑
n=0
(−1)na2n+1
[2n+ 1]q!
L˜q(t
2n+1)
=
∞∑
n=0
(−1)na2n+1
[2n+ 1]q!
× [2n+ 1]q!
s2n+1
q−
(2n+1)(2n+2)
2
=
1
s
∞∑
n=0
(−1)nq−(n+1)(2n+1)
(a
s
)2n+1
.
(3.14)
Therefore, by (3.13) and (3.14), we obtain the following theorem.
Theorem 3.2 (Transforms of q-cosine and q-sine).
L˜q (cosq at) =
1
s
∞∑
n=0
(−1)nq−n(2n+1)
(a
s
)2n
, (3.15)
L˜q (sinq at) =
1
s
∞∑
n=0
(−1)nq−(n+1)(2n+1)
(a
s
)2n+1
.
We consider q-Laplace transforms of the second kind for the q-Cosine and q-Sine
functions of the second kind. By (3.11) and (3.12), we get
L˜q (Cosq(at)) =
∞∑
n=0
q(
2n
2 )(−1)na2n
[2n]q!
∫
∞
0
t2neq(−st)dqt
=
∞∑
n=0
q(
2n
2 )(−1)na2n
[2n]q!
× [2n]q!
s2n+1
q−(
2n+1
2 )
=
1
s
∞∑
n=0
(
a
qs
)2n
(−1)n = q
2s
(qs)2 + a2
,
(3.16)
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and
L˜q (Sinq(at)) =
1
2i
{
L˜q (Eq(iat))− L˜q (Eq(−iat))
}
=
1
2i
{
q
qs− ia −
q
qs+ ia
}
=
1
2i
× 2qia
(qs)2 + a2
=
qa
(qs)2 + a2
.
(3.17)
Therefore, by (3.16) and (3.17), we obtain the following theorem.
Theorem 3.3 (Transform of q-Sine and q-Cosine function).
L˜q (Cosq(at)) =
q2s
(qs)2 + a2
, L˜q (Sinq(at)) =
qa
(qs)2 + a2
.
Here, we compute the q-Laplace transform of derivative by using the definition
of the q-Laplace transform of the second kind. It is easy to show that∫ x
0
f
′
(t)g(t)dqt = (f(x)g(t)− f(0)g(0))−
∫ x
0
f(qt)g
′
(t)dqt, (3.18)
where f
′
(t) = Dqf(t) =
∂qf(t)
∂qt
.
By (1.2), (3.1) and (3.18), we get
L˜q
(
f
′
(t)
)
=
∫
∞
0
f
′
(t)eq(−st)dqt = −f(0)−
∫
∞
0
f(qt)e
′
q(−st)dqt. (3.19)
From (1.2), we note that
e
′
q(−st) =
∂q
∂qt
eq(−st) =
∞∑
n=0
(−1)n
[n]q!
sn
∂qt
n
∂qt
=
∞∑
n=1
(−1)nsn
[n− 1]q! t
n−1
=− s
∞∑
n=0
(−1)n
[n]q!
sntn = −seq(−st).
(3.20)
By (3.19) and (3.20), we get
L˜q
(
f
′
(t)
)
=− f(0) + s
∫
∞
0
f(qt)eq(−st)dqt
=− f(0) + sq−1
∫
∞
0
f(t)eq
(−q−1st) dqt
=− f(0) + sq−1F˜ (q−1s) ,
(3.21)
where f
′
(t) = Dqf(t) =
∂qf(t)
∂qt
. If we replace f(t) by Dqf(t) =
∂qf(t)
∂qt
, then we have
L˜q
(
f (2)(t)
)
= s2q−3F˜
(
q−2s
)− q−1sf(0)− f ′(0), (3.22)
and
L˜q
(
f (3)(t)
)
= s3q−6F˜
(
q−3s
)− s2q−3f(0)− sq−1f ′(0)− f (2)(0),
where f (3)(t) = D3qf(t) =
(
∂q
∂qt
)3
f(t), f (2)(0) =
(
∂q
∂qt
)2
f(t)
∣∣∣∣
t=0
. Continuing this
process, we get
L˜q
(
f (n)(t)
)
= snq−(
n+1
2 )F˜
(
q−ns
)− n−1∑
i=0
sn−1−iq−(
n−i
2 )f (i)(0), (3.23)
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where f (n)(t) = Dnq f(t) =
(
∂q
∂qt
)n
f(t), f (n)(0) =
(
∂q
∂qt
)n
f(t)
∣∣∣
t=0
. Therefore, by
(3.23), we obtain the following theorem.
Theorem 3.4. For n ∈ N, we have
L˜q
(
f (n)(t)
)
= snq−(
n+1
2 )F˜
(
q−ns
)− n−1∑
i=0
sn−1−iq−(
n−i
2 )f (i)(0),
where F˜ (s) = L˜q(f(t)) =
∫
∞
0
eq(−st)f(t)dqt, f (n)(t) =
(
∂q
∂qt
)n
f(t).
Let us consider the following s-derivative for the q-Laplace transform of the
second kind.
∂qF˜ (s)
∂qs
=
∂qL˜q(f(t))
∂qs
=
∂q
∂qs
∫
∞
0
eq(−st)f(t)dqt
=
∫
∞
0
(−teq(−st)) f(t)dqt = −L˜q (tf(t)) .
(3.24)
Thus, by (3.24), we get
L˜q (tf(t)) = − ∂q
∂qs
F˜ (s). (3.25)
Continuing this process, we get
L˜q (t
nf(t)) = (−1)n
(
∂q
∂qs
)n
F˜ (s). (3.26)
Therefore, by (3.26), we obtain the following theorem.
Theorem 3.5. For n ∈ N, we have
L˜q (t
nf(t)) = (−1)n
(
∂q
∂qs
)n
F˜ (s).
For example, if we take f(t) = eq(at), then
L˜q (t
neq(at)) =(−1)n
(
∂q
∂qs
)n
L˜q (eq(at)) = (−1)n
(
∂q
∂qs
)n ∞∑
k=0
q−
k(k+1)
2
sk+1
ak
=(−1)n
∞∑
k=0
ak(−1)kq−nk−(k+12 )−(n+12 ) × [k + 1]q[k + 2]q · · · [k + n]q
sk+n+1
,
and
L˜q (t
nEq(at)) =(−1)n
(
∂q
∂qs
)n
L˜q (Eq(at)) = (−1)n
(
∂q
∂qs
)n
q
qs− a
=(−1)n(−1)nqn+1[n]q! 1
(qs− a)(q2s− a) · · · (qn+1s− a)
=qn+1
[n]q!
(qs− a)(q2s− a) · · · (qn+1s− a) .
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Finally, let us consider
Lq (eq(at)f(t)) =
∫
∞
0
eq(−st)eq(at)f(t)dqt
=
∞∑
n=0
an
[n]q!
∫
∞
0
eq(−st)tnf(t)dqt
=
∞∑
n=0
an
[n]q!
(−1)nL˜q (tnf(t))
=
∞∑
n=0
an
[n]q!
(−1)n
(
∂q
∂qs
)n
L˜q(f(t))
=
∞∑
n=0
an
[n]q!
(−1)n
(
∂q
∂qs
)n
F˜ (s).
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